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Abstract

The objective of this study is to provide a mathematically accurate
notation for algorithm performance complexity comparison. The first ob-
jective is to show that computation complexity between O(n -log(n)) and
O(n) is insignificant [I]. Computer science articles quite often differenti-
ate O(n) and O(log(n)) computation complexity, however when it comes
to practical application, software engineers intuitively quite often ignore
that difference, so the objective of this article is to show science back-
ground that the difference can be ignored, so it will simplify the decision
process for engineering process. Another objective is to propose a polyno-
mial table of complexities that better represents algorithmic complexity
and how to compare them. Also, an addendum to the main part of the
theory is the sub-zero field of positive infinities.

1 About author

Dmytro Brazhnyk is solution architect with strong software engineering back-
ground in computer science. Was participating in computer contest awarded as
winner among other contestant and has skills in computer algorithm and anal-
ysis.

2 Introduction

Thomas H. Cormen spent at least 200 pages in his great Book about algorithm 4]
to prove that some algorithms are better than others, because they are running
in O(n) instead of O(n - log(n)), and it is repeated in many other computer
science articles related to computation performance during the last 60 years,
but usually intuitively ignored by engineers. The goal of this paper is to show



the difference O(n) and O(n - log(n)), and show it’s insignificant. It also pro-
poses for another notation to use polynomial power for algorithm computation
comparison which more accurately represents difference.

3 Overview

The following article provides proof of the subject of this matter of study from
three points of view:

e the First viewpoint will be from a more practice standpoint, where we
consider that in the real world there is quite a limitation for computer
resources, and considering the current existent known architecture we can
quite easily go from O(n - log(n)) into O(n).

e the Second viewpoint is explaining the dynamics, of how the computer
hardware capability may evolve, and how it affects the computational
complexity, and the purpose to show that approximation of O(n - log(n))
to O(n) is still valid.

e And the last, in this article, will give a mathematical proof, that the given
equation is correct: limy_00cO(n - log(n)) = O(n), for any n — oo

The conclusion of this article will show how polynomial factor notation can
represent computation complexities in a better way.

4 Real world examples

Let’s assume: f(n) is complexity of some n - log(n) function.

‘ f(n) =0(n-log(n)) ‘— formula (1)

Considering that majority of computer algorithms are bound to computer
architecture as in the table below, the maximum possible value of n is defined
by the computer register bit size of the given architecture[2], [3]

Computer Architecture || Register bit size | Max computer integer size
8080 8 28
x86 16 216
1386 32 232
x64 64 204

So we can say that n is one value of bellow:
nc [28’ 2167 2327 264]



If we’ll take practical maximum for x64, for any n < 25 we can rewrite the
formula (1) in a next way:
F(n) = O(n- log(n)) = O(n - Log(264)) = O(64 - n - log(2)) = O(n)

So,
‘ O(n -log(n)) = O(n), for any n < 264 ‘— formula (2)
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264 = 101926 « 1031, 103! - is scale on the chart.

5 Geometric growth

Let’s extend this approach for future computer generation growth, let’s assume
that:

g - is the computer generation index, and every new generation doubles the
number of bits b in computer architecture, so:

b=8,forg=1

b =16, for g =2

b=32,for g=3

b=64, for g=14

so there is a generic formula between the number of bits and the computer
generation index,



b=28-29 =293 while g + 3 can be substituted into variable k = g + 3,b = 2*

And we can assume that computation complexity argument n be limited by
computer architecture, so:

Ty

Now taking formula (1) and maximum possible value (3), considering that for-
mula (1) is a monotonically grown function, we can say that:

n-log(n) < 22" - 1og(22") = 28 - 22" x log(2) = 22" +F . log(2)
022"+ - log(2)) = O(22"+F)
O(n - log(n)) < 022" +%) |- formula (4)

For smaller computer architerure generation index, where g € [1,2,3,4] in for-
mula (2) we’ve already proved that O(n - log(n)) = O(n)

Now let’s see what happening for any g — oo, so substitution above
k = g + 3, considering that g — oo, then k£ — oo + 3, so k — 0o, now:
Considering limy_,o,O(2F + k) = O(2%),

k

Limy—000(22°+%) is something similar to limg_0c0(22") = O(n) |- formula (5)

formula (5) prove in the next section

Considering formula (4) and formula (5),
limp—000(n-log(n)) < limk_,oo0(22k+k) < O(n), therefore‘ limp—0cO0(n - log(n)) < O(n) ‘,
while n - is defined by a final number of bits of computers of next generations.

6 Generic mathematical proof of formula (5)

Starting from formula(1l) again:
log(log(n))

F(n) = O(n-log(n)) = O(n-nlognos(m)) = O(p'* “Testn ) = O(nH+os( " Viog(n))),
- formula (6)

considering that lim, . ¥z =1+ ¢,e = +0, so and

i oo *“"Vlog(n) = 1+ €, — 40|, because log(n) is monotonically increas-

ing function iself, here the plot bellow
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As an example on the chart, we can observe that e = 4 - 1072 = 0.04, for
n = 10*° using natural logarithm and it is moving to zero, so
n - lOg(TL) — 1049 3 (1049)0.04 — 1049 . 1049‘0.04 — 1049 . 101.96 — 1049+1.96 > 1049
while comparing it with x64 max(integer), so: 264 = 101926 <« 1049

And similar computation for x64 maz(integer), 264 - In(264) = 101926 . 44.4 =
1019.26 . 101.64 _ 1019.26+1.64 > 1019.26

However looking at the log(n) part of n-log(n), the value 1.64 from the x64 cal-
culation is very close to 1.96 from the chart scale, while the n part of n-log(n) is
significantly different: 10926 < 1049, it means that with larger n value log(n)
part behave more like a constant, and we can simplify that of formula as con-
stant in Big O notation.

Or simply saying, let’s say we have some supercomputer that can calculate
all possible permutations of 10'°26 in one hour, and because of the logarithm
part same supercomputer will take a few hours more to calculate 10%?, however,
due to n part, it will take all time of our solar system to calculate 10*® permu-
tations, or even maybe all time of the universe.

so back to formula (6)

. og(n) ) / .
lzmnﬁooO(n”log(l ! ‘ﬁ"g("))) = 1imy 0o O (10904 = Lim,, ,  O(n'*e),
to be fair it should be noted that: lim,,_.on® = oo and n < n'*T¢ even though
e — 40, however n¢ — const(n), for n — oo, and because it is inside Big O
that constant part can be simplified, proving in next section.



so we can consider that:

‘limnﬁoo()(n “log(n)) = limp— 0 (const(n) - n) = O(n), for any n — oo |- for-
mula (7)

7 Proving n° = log(n) — const, for n — oo

Let’s checking what’s happening with derivative of log(n) , for n — oo

. d(l . L.dn .
Ly oo W09(m)) ‘;975")) = liMp 00 S = liMy 00t =0
derivative equal to 0 means that the tangent line is almost horizontal, so the
function itself becomes a constant, which we can observe on the plot, with a
different scale:
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By definition of integral: [d(f(z) + ¢1) = f(x) + ca, so let’s repeat same
operation with log(n) function, while n — oo

limy o (log(n) + c1) = limy—o0 [ d(log(n) + c1) = limy—o0 [ +dn = [0dn =
¢, therefore
limy— 00 (log(n) + ¢1) = ¢o , therefore lim,,—oolog(n) = ca —¢1 , S0

‘limnﬁoolog(n) = const(n) K n‘

8 Conclusions

The conclusion that can be made from formulas (2) and formula (7) is that,
while we consider small values or scaling complexity to infinite, it is either
small values: O(n -log(n)) = O(c-n) = O(n),c = const,

or

scaling to infinity: lim, O (n - log(n)) = limy,_0c0(n'T¢) = O(const - n) =



O(n),e =» +0

Also considering that O(f(n)), is defined for constantly growing argument n —
00, using a limit on top of this function, like lim,—~O(f(n)) will still provide a
precise approximation, however, it simplifies computation complexity analysis.
Also, this article shows an example, of how it can be applied for future growth

of computation power scale

It is more representable to show some subset of widely used complexity us-
ing polynomial power because the difference between n - log(n) and n which is
widely considered, however with € can show its insignificance and reasonably be
excluded from complexity analysis for most scenarios.

Considering € — +0, table bellow

Mathematically accurate Big O notation || Big O notation with limit | Polynomial notation
O(f(n)) limn— o O(f(n)) O(f(n))
o(1) 0(1) O(n%)
O(log(n)) O(1) O(n"*°)
O(n) O(n) O(n')
O(n -log(n)) O(n) O(n'*)
O(n?) O(n?) O(n?)
O(n?) O(n?) O(n?)
O(n*) O(n*) O(n*)
0(2") O(n") O™
O(n™) O(n™ O(n™)

0(2") = O(nlo92") = O(n™1o9m2) = O (™09 () = O(n™

1—e

), where € — 40

_ log(log(n)) og(n
log=1(n) = nlogn(eg™ () = p—logn(log(n) — = "Togt = p—log('**Viog(n)) —

n—leg(1+e) — p=¢ while n — oo, € — +0




9 Addendum: Sub-zero field

The remarkable observation of the polynomial table above is a sub-zero field.
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Figure 1: Linear function with logarithmic

If we review n and log(n) functions separately, both of them monotonically
grow to infinity separately:
1iMy—y 0o = 00
limy,—oolog(n) = 0o

which is fare, however, if we put them on the same scale defined by a linear
function, like on the chart Figure [1} will see that log(n) is not just a constant,
but it somewhere around zero most of the time on that scale. From Cantor’s
theory about Aleph number|[5], we could know that some ordinals representing a
number of elements of infinity sets can be somehow different. And on that scale,
we can say that while lim,,_,.on is infinity, the lim,_log(n) is also another
infinity, however, logarithmic infinity is some sort of zero infinity comparing to
n infinity.

So we can observe the same thing here, that linear = is some sort of zero
infinity compared to 22 infinity. However from the previous figure [1] already
concluded, that logarithms infinity is smaller than linear infinity, while linear
infinity is zero on that square infinity scale, so on that square scale logarithmics’
infinity is even smaller than zero but not less, and it exists somewhere in the
sub-zero field.

There is exist a subset of all possible infinities different from each other, how-
ever, they usually do not differentiate, Cantor’s theorem is the closest approach
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Figure 2: Square function with linear function

to differentiating infinities since it defines cardinality for infinite sets, but still,
it is not applicable to compare different possible infinities [5]. An addendum
to the main part of the article will show that Polynomial power is also useful
to compare infinities. There is a certain similarity between Cantor’s theorem
and polynomial notation to compare different kinds of infinity and computation
complexity, Cantor’s shows the most significant difference between sets when it
has a different variation of the power function X; = 280, And this example of
comparing natural and integer sets c1 - Ng + co = Ny is a perfect example of Big
O transformation [6]. However, the granularity of possible infinities is denser
than possible values of N, since N is used as a power argument for exponential
growth, and infinities are just different power arguments.

Returning to polynomial notation, this sub-zero field can be defined more for-
mally. Let’s say assume that the n function is some conditional zero thresholds
like in Figure [2| transforming from n infinity into log(n) requires applying a
negative infinity, which is a sub-zero field. Doing transformation

from n ~ n!

into log(n) ~ n,e — 0, for any n — oo

So let’s define our transformation, from n into log as t(x)

t(nt) =ne—0

t(n') =nf =n'"0-9 =pn.n=(=9 = pl.n=* considering that e < 1, the k > 0
S0

)

So to transform from n into log(n) needs to multiply n to n~*, which is techni-



cally just the sum of negative polynomial power, and particularly n=* so that’s
a place where sub-zero fields of positive infinities exist.

If Uiy 4 o0,c+0(R7¢) = limp—400log™t (n) = m = +0, and can assume
that it is identical to plus zero, the assumption is that any function greater than
log~! will be no more the plus zero and will be just some very small constant,
there is certain dualism in logarithm function on large scales, it is infinity and
constant at the same, taking 1 and dividing to constant it will make a constant,
that not a plus zero anymore, however logarithm still not a constant, it is con-
stant and infinity at the same time, so this where comes the assumption about
identity to plus zero. And logarithm is the only known function with such prop-
erties, however, the tricky thing is that lim,_oclog=1(log(n)) is even closer
to plus zero identity, going further log=!(log(...log(n)...)) - is there something
closer to +0 than the logarithm of logarithms, that’s a question.

So comparing function lim, . (n~1) is less than lim, . .log~'(n), so it is
somewhere in the sub-zero field, but not less than the zero,

Practical outcome - if we try to multiply co - 0 - the result is undefined, how-
ever, if we could define the power factor of zero and infinity, which is simply
polynomial power, this expression became computable, so example:

(limn_>oo50212)+ 3n) - (limp 00 + 3%) = (5-00%) - (10 00~ ') = 50 - 00’
limy,—o0log(n) = 00, e ~ 40
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